Abstract: Global Navigation Satellite System-Acoustic (GNSS-A) positioning is the main technique for seafloor geodetic positioning. A transceiver lever arm offset and sound velocity bias in seawater are the main systematic errors of the GNSS-A positioning technique. Based on data from a sea trial in shallow water, this paper studies the functional model of GNSS-A positioning. The impact of the two systematic errors on seafloor positioning is analysed and corresponding processing methods are proposed. The results show that the offset in the lever arm measurement should be parameterised in the observation equation. Given the high correlation between the vertical lever arm offset and the vertical coordinate of the seafloor station, a sample search method was introduced to fix the vertical offset correction. If the calibration of the sound velocity profiler cannot be ensured, the correction parameter of the sound velocity bias should be solved. According to the refined functional model and corrections, the position of a seafloor station in shallow water can be determined with a precision of better than 1 cm.
Introduction
The Global Navigation Satellite System-Acoustic (GNSS-A) positioning technique combines the GNSS sea surface dynamic positioning technique and the underwater acoustic positioning technique [1, 2] , which is the important basis of marine science research and engineering surveys. As the main method of marine geodesy, the GNSS-A positioning technique can measure the displacement at plate boundaries [3] . Several great plate faults lie at the bottom of the ocean [4] . The information provided by the seafloor's precise positioning technique can not only be used to monitor the natural processes of the ocean, such as seafloor earthquakes, undersea volcanic eruptions, and tsunamis, but also enrich the modelling data of earth system science. The GNSS-A positioning technique also provides important technical support for marine oil and gas exploration and engineering construction [5] . The long baseline positioning system is the underwater acoustic navigation and positioning system with the widest coverage and the highest accuracy, whereas its application also requires the adoption of the GNSS-A positioning technique for the precise position calibration of its seafloor array [6] [7] [8] [9] .
At present, the accuracy of the seafloor position obtained by the GNSS-A positioning technique is limited by systematic errors, which mainly include the offset error of lever arms between shipborne devices and the bias of sound velocity measured in seawater [10, 11] . The lever arm is the geometric vector in the ship-fixed coordinate system [12, 13] , which is used to transmit the GNSS dynamic positioning results to the acoustic transceiver centre. Because the actual installation position of the GNSS and acoustic devices is not completely the same as the planned position and direction in the ship's fixed coordinate system, there is an offset error in the lever arm installation [14] . Due to the influence of dynamic ocean processes, such as tides and internal waves, the sound velocity underwater has temporal and spatial changes, which is especially irregular in the shallow sea [15] [16] [17] [18] . Different from the electromagnetic waves of GNSS, which directly use the velocity of light as the velocity approximation, the velocity of the sound signal in seawater needs to be measured by professional equipment (the sound velocity profiler or CTD) [19] . Therefore, the systematic bias of the sound velocity is composed of an expression error, and a measurement error is introduced.
For transceiver lever arms, professional ships for marine geodesy install acoustic transceivers in the instrument well at the bottom of the middle of the ship [20] , and the total station is used to measure the lever arm between the transceiver and GNSS positioning reference point with millimetre accuracy. Meanwhile, some teams attach transceivers and GNSS equipment to two ends of a pole that attach to one side of the ship [21, 22] , and it is assumed that there is only a vertical lever arm offset between the two sets of equipment, and the offset is considered to be measured precisely with no error. Generally, the transceiver and GNSS antenna are fixed at different positions of the ship [23] [24] [25] . In this situation, the transceiver is attached at the bottom of the pole on one side of the ship, while the GNSS is installed at the top of the ship. The lever arm between the two devices cannot be directly measured precisely, so the offset in the calculated range value is large.
For a sound velocity error, researchers in marine geodesy arrange the acoustic transponder array on a seafloor circle with the radius of water depth and can estimate the position changes of the array centre (virtual reference station) with centimetre-level accuracy by using shipborne GNSS and acoustic equipment [26, 27] . Although the research of the virtual station is useful for the determination of the plate motion, which meets the needs of the geodetic survey, it is not specific to the precise position of each entity transponders; thus, its results are hard to be directly used in engineering construction and marine environment monitoring. Some scholars studied the positioning technology of the seafloor entity station composed of a single acoustic transponder, and proposed methods of optimising sailing tracks, processing methods of measurement differencing, and using distances between seafloor stations to build an adjustment model [28] [29] [30] , which reduces the temporal and spatial correlation error and improves the positioning precision. However, few studies specifically discuss the systematic biases of the velocity of sound, including sound velocity measurement errors and temporal and spatial changes. This paper deeply analysed the function model of the GNSS-A positioning technique for the single entity station and focused on the method of correcting systematic errors. Aiming at the problem of the high correlation between vertical coordinate/offset parameters and the bias of sound velocity measurements in the GNSS-A positioning, a sample search method was proposed to fix the lever arm offset in the vertical direction and detect the measurement error of sound velocity. By improving the GNSS-A positioning model, the sound velocity error and lever arm offset in equipment installation can be determined. Using shallow sea trial data, the GNSS-A positioning model was verified, and the transceiver lever arm offset and sound velocity bias were effectively corrected. Finally, the positioning accuracy of the seafloor station reached the centimetre level.
GNSS-A Positioning Model
GNSS-A positioning is a technique based on a range intersection, and the process is as follows. The position of the GNSS antenna can be obtained by utilizing GNSS technologies, and after transformation to the shipborne transceiver acoustic centre, the three-dimensional (3-D) coordinates of the seafloor station (transponder) can be calculated through the Euclidean distances converted from the travel time between the surface and seafloor acoustic equipment. Figure 1 shows the fundamental elements of this technique, in which the distance (ρ) between the shipborne acoustic transceiver and the seafloor transponder can be derived by the following:
where t denotes the round-trip travel time, vos means the sound velocity of the sea area during the trial period. x floor , y floor and z floor epresent the coordinate components of the seafloor transponder in the northing, easting, and height of the geodetic coordinate system, respectively, and they are the unknown parameters to be solved. surface , surface , and surface denote the transceiver positions in the northing, easting, and height of the same coordinate system, respectively. As the acoustic transceiver and GNSS equipment are fixed on different positions of the ship, the position information should be transformed from the GNSS reference point to the acoustic transceiver centre. For the transformation, in addition to the GNSS positioning results, the ship attitude (heading, pitch, and roll) and lever arm between the transceiver and the GNSS reference point are also required. The position of the transceiver can be obtained based on the GNSS dynamic position results, lever arms, and rotation matrix:
where GNSS , GNSS , and GNSS indicate the GNSS position results. , , and mean the lever arms from the GNSS equipment to the shipborne acoustic transceiver in the ship-fixed reference frame (with the origin at the GNSS reference point and a forward X-axis, a starboard Y-axis, and an upward Z-axis centrally aligned with the ship body axis).
represents the rotation matrix from the ship fixed frame to the geodetic coordinate system: 
If the lever arms between the shipborne GNSS and the transceiver are known, Equation (2) can be substituted into (1) directly, and after linearising, the basic function model of GNSS-A positioning is obtained as follow: As the acoustic transceiver and GNSS equipment are fixed on different positions of the ship, the position information should be transformed from the GNSS reference point to the acoustic transceiver centre. For the transformation, in addition to the GNSS positioning results, the ship attitude (heading, pitch, and roll) and lever arm between the transceiver and the GNSS reference point are also required. The position of the transceiver can be obtained based on the GNSS dynamic position results, lever arms, and rotation matrix:
where x GNSS , y GNSS , and z GNSS indicate the GNSS position results. ∆x, ∆y, and ∆z mean the lever arms from the GNSS equipment to the shipborne acoustic transceiver in the ship-fixed reference frame (with the origin at the GNSS reference point and a forward X-axis, a starboard Y-axis, and an upward Z-axis centrally aligned with the ship body axis). R represents the rotation matrix from the ship fixed frame to the geodetic coordinate system: 
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If the lever arms between the shipborne GNSS and the transceiver are known, Equation (2) can be substituted into (1) The velocity of sound in seawater is about 1500 m/s and varies in space and time. This characteristic affects the distance inversion between the acoustic transceiver and transponder, and then the sound velocity bias becomes one of the leading systematic errors for underwater acoustic positioning. Generally, both the shipborne acoustic transceiver and GNSS equipment are installed on site. Thus, the transceiver lever arms are obtained by accumulating measurements in the different directions of the ship fixed frame. Owing to the offset error caused by installation, the lever arms measured are inaccurate, which is another main systematic error. With redundant observation information, the lever arm offset can be set as parameters with sound velocity correction and transponder position. Thus, the observation equation can be expressed as follows:
where the 3-D coordinate of the transceiver contains unknown parameters to be solved, ∆x, ∆y and ∆z:
By linearizing the observation equations, Equation (7) can be derived, and then the improved function model of GNSS-A positioning can be expressed with (9) . Based on the least square principle, the parameters can be determined with (10): 
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Experimental Data
For verifying the GNSS-A positioning method, this paper utilised data from a sea trial carried out near Lingshan Island, Qingdao, China, on December 1, 2017. The data mainly included the GNSS dynamic positioning results, ship attitude, travel times of acoustic signals, measured lever arm from the GNSS reference point to the transceiver, and sound velocity profiles. Position and attitude information of the survey ship was obtained using the POS MV 320 system from the Applanix Company. Based on post-processed kinematic technology, the position of the system reference point can be acquired, and the results of ship attitude can be obtained from the inertial navigation system and GNSS of the POS MV. The positioning results illustrate that the mean Standard Deviation (STD) of each epoch in the northing, easting, and height directions were 1.1, 1.0, and 2.8 cm, respectively. For the hull attitude results, the mean STD were 0.02 • , 0.01 • , and 0.01 • for heading, pitch, and roll, respectively. According to the predetermined ship sailing track (a circle with cross shown in Figure 2 ), the measurements were collected for the following model discussion. The period of the selected data was about 77 min, during which the sound velocity in seawater was measured by SV PlusV2 sound velocity profiler of the AML Oceanographic Company. Figure 3 shows the sound velocity profiles, where the blue points represent the original sound velocity observed during the trial period, and the red dotted line represents the weighted mean sound velocity (1454.067 m/s), which was calculated from the original observations. Considering our trial was carried out in the shallow sea (about 25 m), it is safe to fix the weighted mean sound velocity as the prior value in subsequent calculations. The sea state on the trial day was fine, from Calm to Smooth, but there was a sound velocity spring layer (about 2.5 m/s) at the depth 5-10 m from the sea surface, and the sound velocity increased rapidly from 1447 m/s to 1455 m/s, which may be caused by the large sea current in the trial area. The observation data were processed by the NEH, NEH+dxyz, and NEH+dv models, and their results are summarised in 
Questions Raised
The two main errors, i.e., the offset errors of the shipborne equipment and sound velocity bias, exist in the measurements, whereas the ranges of such errors are unclear. To discuss the influences of these errors on the position results of the seafloor transponder, they were estimated as unknown parameters with the seafloor station's 3-D position. Assuming the lever arms and velocity of sound have no error, then the parameters that need to be estimated are just 3-D coordinates of the seafloor transponder. In this case, the error equation is (4) , and this solution model is called the NEH model, where N, E, and H represent the coordinate components of the transponder position in the northing, easting, and height directions, corresponding to X floor , Y floor , and Z floor , respectively. If errors exist in the transceiver lever arms, but no error exists in the sound velocity, the three offset components of the lever arms can be solved together with the 3-D position of the seafloor station. In this case, the error equation is (7) without the dvos parameter, and this solution model is called the NEH+dxyz model, where dxyz means including three transceiver lever arms in the model and x, y, and z correspond to ∆x, ∆y, and ∆z, respectively. When an error exists in the sound velocity, but no error in the lever arms, the sound velocity correction parameter and the 3-D coordinates of seafloor transponder should be solved together. Then, the error equation can be written as (7) without the lever arm parameters, and this solution model is called the NEH+dv model, where dv indicates including the parameter of the velocity of sound in the model, corresponding to dvos. It should be noted that for those variables not estimated in certain models, they are fixed in the observation equation as initial values (measured during the trial).
The observation data were processed by the NEH, NEH+dxyz, and NEH+dv models, and their results are summarised in Table 1 . According to the table, significant differences in the three model's results were observed, especially in the vertical direction. The NEH model's results feature a higher STD (about 0.12 m in horizontal and 0.24 m in vertical). Adding the lever arm parameter can reduce the STD, but the results of the vertical parameter (vertical components of transceiver lever arms and seafloor transponder) in the NEH+dxyz model appear to be abnormal, which may be due to the high correlation of vertical parameters. The results of the NEH+dv model demonstrated a considerable acoustic velocity correction parameter, suggesting a problem with the acoustic velocity value, which may be caused by the un-calibration of the acoustic velocity profiler. As the experiment was carried out in a shallow water area, where the ship track covered a small area and lasted a short period, the Remote Sens. 2019, 11, 1606 7 of 12 acoustic velocity was deemed to exhibit a relatively small variation in both time and space. As the ship sails along the predetermined symmetrical tracks, the effects of sound velocity errors in the horizontal direction can be mostly eliminated in adjustment, and residual influences can be considered as fixed values in the vertical direction. 
Error Correction Method

Transceiver Lever Arms Correction
The transceiver lever arm is a 3-D vector in the ship fixed frame. Because the observation data were collected according to the predetermined sailing track, the heading information varied regularly, and the influences of the transceiver lever arm offset on the positioning manifested as a periodic variation in the horizontal direction. Owing to the dynamic environment of the sea surface, the roll and pitch angles of the ship varied randomly with time. Thus, the influences of the transceiver lever arm offset showed stochastic properties. Given the existence of lever arm offsets, evaluating the performance of the estimation model is difficult, and the estimation of the sound velocity correction parameter is also affected. As the influence of sound velocity error is mainly fixed in the vertical direction, the estimation of the transducer lever arm was analysed first.
In the NEH+dxyz model, the vertical direction parameters, including the height of seafloor transponder and vertical lever arm parameter, are abnormal. To explore the reasons for the anomalous transponder height and transceiver lever arm in the vertical direction, the correlation of the parameters in the NEH+dxyz model was shown in Figure 4 . High correlations existed between the three lever arm parameters and the seafloor station height (larger than 0.90), and the seafloor station height was completely correlated with the vertical lever arm. In the NEH+dxyz model, only the vertical parameter results were abnormal. Thus, the high correlation between the two parameters in the vertical direction produced an abnormal solution.
The vertical lever arm is strongly correlated with the seafloor station's height. As the magnitude of lever arm errors cannot be measured precisely, its correction parameter cannot be constrained effectively, thereby increasing uncertainty in the estimation. Considering the lever arm results of the NEH+dxyz model, we proposed a sample search method. Firstly, a search space, centred on the measurement, is established for the vertical lever arm parameter. Then, values in the search space are successively extracted out as the test object, with a fixed interval, and fixed in the observation equation to complete the estimation process. Considering that the mean square error of unit weight, an index of the residual error of observations, can be used to represent the size of unmodeled errors in the observations, we select the vertical lever arm parameter that minimises the mean square error of unit weight as the search result and set it as the fixed prior value for subsequent calculations. As almost every coefficient in the error equation is affected by the vertical lever arm, the mathematical expression of the relation between the vertical lever arm and the mean square error of the unit weight cannot be derived. Therefore, the aim of decoupling the vertical component cannot be reached algebraically, while our sample search method offers a good solution numerically. In this experiment, the search space was set within 2 m around -8.118 m, and the sample search was performed at an interval of 0.001 m. Figure 5 shows the relationship between the vertical lever arm parameter and the mean square error of the unit weight. The optimal value of −7.772 m for the vertical lever arm was obtained. However, the values of the mean square error of unit weight are very high (larger than 0.94 m), which means that there are still unmodeled errors in the observations, and they are independent of the vertical lever arm.
obtained
removing the vertical lever arm parameter. It should be noted that the NEH+dxyz model was abandoned in the following study because of its abnormal estimate in the vertical orientation. Table 2 shows the statistical results, where the above two methods were normal. The STD of the N and E parameters reduced from 11 to 13 cm in the NEH model to 7 to 8 cm in the NEH+dxy model, and that of the H parameter improved from 24 cm to 15 cm. The residual errors of the two methods are summarised in Table 3 , which shows that adding horizontal transceiver lever arm offset parameters could significantly reduce the mean and STD of the residual error to around 0.27 m and 0.90 m, respectively. However, the two indicators were still relatively large, just like the mean square error of the unit weight shown in Figure 5 , indicating that significant systematic errors still existed. The vertical lever arm parameter searched was used as a fixed value to carry out the NEH estimation model and the NEH+dxy model, in which the NEH+dxyz model becomes the NEH+dxy model after removing the vertical lever arm parameter. It should be noted that the NEH+dxyz model was abandoned in the following study because of its abnormal estimate in the vertical orientation. Table 2 shows the statistical results, where the above two methods were normal. The STD of the N and E parameters reduced from 11 to 13 cm in the NEH model to 7 to 8 cm in the NEH+dxy model, and that of the H parameter improved from 24 cm to 15 cm. The residual errors of the two methods are summarised in Table 3 , which shows that adding horizontal transceiver lever arm offset parameters could significantly reduce the mean and STD of the residual error to around 0.27 m and 0.90 m, respectively. However, the two indicators were still relatively large, just like the mean square error of the unit weight shown in Figure 5 , indicating that significant systematic errors still existed. 
Sound Velocity Correction and its Combination with Lever Arms Correction
Based on the geometric distances inverted from the sound travel time, the GNSS-A positioning technique determines the unknown parameters. The estimated parameters will absorb unmodeled errors when the model is inaccurate. Although the NEH+dxy model significantly improves the precision, the statistical indicators of its residual errors still suggest the existence of a systematic unmodeled bias in the observation equations. The results of the NEH+dv model revealed a significant deviation to the sound velocity measurement, which is assumed to be caused by the improper calibration of the sound velocity profiler. Compared with the NEH model, the average residual error of the NEH+dv model was much smaller and close to zero, indicating that the sound velocity correction parameter absorbs system biases, and the STD of residual errors also showed a significant decrease from 1.373 m to 0.713 m, suggesting that the model was improved. The sound velocity correction parameter directly corrects errors in the signal propagation path, not only reflecting systematic errors in the sound velocity but also absorbing other unmodeled systematic deviations, such as hardware delay errors.
As the NEH+dv model omits the transceiver lever arm parameter, the sound velocity correction parameter is affected by the ship attitude variation. Therefore, sound velocity correction was added to the measurement equations and estimated together with the three position parameters and two horizontal lever arm parameters, forming the NEH+dv+dxy model. The vertical lever arm value from the sample search was set as fixed. The results of the NEH+dv and the NEH+dv+dxy models are shown in Table 4 . The STD of the NEH+dv model in Table 4 (6-7 cm in the horizontal orientation, around 13 cm in the vertical orientation) is much better than that of the NEH model in Table 1 . The NEH+dv model shows a similar positioning level with that of the NEH+dxy model, which means that the NEH+dv model makes a similar degree of improvement for estimation with the NEH+dxy model. The sound velocity correction was 40.761 m/s. Adding the sound velocity correction can improve the parameter estimation precision to the millimetre level in the horizontal direction and about 1 cm in the vertical direction. Figure 6 shows the time series of the residual errors for the NEH+dv, NEH+dxy, and NEH+dv+dxy models. As the figure is displayed when only the transceiver lever arm offsets or the sound velocity biases were considered with the transponder 3-D coordinates, the residual error was large and highly related to the ship's sailing track, which could be attributed to the remaining systematic errors in the observation. Meanwhile, the residual errors of the NEH+dv model and the NEH+dxy model are similar in size, which verifies the similar degree of estimation improvement. When these two errors were both taken into account, the residual errors fluctuated around the zero value and with a small fluctuation range (5.6 cm), indicating that the systematic errors had been mostly eliminated. horizontal lever arm parameters, forming the NEH+dv+dxy model. The vertical lever arm value from the sample search was set as fixed. The results of the NEH+dv and the NEH+dv+dxy models are shown in Table 4 . The STD of the NEH+dv model in Table 4 (6-7 cm in the horizontal orientation, around 13 cm in the vertical orientation) is much better than that of the NEH model in Table 1 . The NEH+dv model shows a similar positioning level with that of the NEH+dxy model, which means that the NEH+dv model makes a similar degree of improvement for estimation with the NEH+dxy model. The sound velocity correction was 40.761 m/s. Adding the sound velocity correction can improve the parameter estimation precision to the millimetre level in the horizontal direction and about 1 cm in the vertical direction. Figure 6 shows the time series of the residual errors for the NEH+dv, NEH+dxy, and NEH+dv+dxy models. As the figure is displayed when only the transceiver lever arm offsets or the sound velocity biases were considered with the transponder 3-D coordinates, the residual error was large and highly related to the ship's sailing track, which could be attributed to the remaining systematic errors in the observation. Meanwhile, the residual errors of the NEH+dv model and the NEH+dxy model are similar in size, which verifies the similar degree of estimation improvement. When these two errors were both taken into account, the residual errors fluctuated around the zero value and with a small fluctuation range (5.6 cm), indicating that the systematic errors had been mostly eliminated. 
Conclusions
As the infrastructure of seafloor navigation and positioning, the seafloor geodetic station relies on the GNSS-A positioning technique to obtain its precise position. However, under a situation with a large offset of transceiver lever arms and a significant bias in sound velocity measurement, the positioning accuracy of the GNSS-A technique will be deteriorated by these two systematic errors. To cope with these problems, this paper analysed the function model of GNSS-A positioning for the seafloor station and studied the processing methods of the offset error of transceiver lever arms and the bias of sound velocity. By adding the corresponding parameters to be solved, the high correlation between the vertical lever arm parameter and seafloor station height was revealed. Then, a sample search method was proposed for offset parameter determination in the vertical direction, which obtained significant estimation improvements. To correct the bias of the sound velocity profile and reduce the influence of the unmodeled error, the sound velocity correction parameter was added in the estimation, and the positioning precision was remarkably improved. Finally, by combining the sample search method and adding parameters for the horizontal lever arms and sound velocity correction, the accuracy of the seafloor position parameters was improved from 6 to 9 cm in the horizontal position and 13 to 16 cm in the vertical position to better than 1 cm, which verified the proposed data processing methods. 
